Bending of solitons in two dimensional plane is presented in the presence of weak and slowly varying inhomogeneous ion density for the propagation of ion acoustic soliton in unmagnetized cold plasma with isothermal electrons. Using reductive perturbation technique, a modified KadomtsevPetviashvili equation is obtained with a chosen unperturbed ion density profile. Exact solution of the equation shows that the phase of the solitary wave gets modified by a function related to the unperturbed inhomogeneous ion density causing the soliton to bend in the two dimensional plane, whereas the amplitude of the soliton remaining constant.
I. INTRODUCTION
Extensive investigations of ion acoustic solitons in plasma were started, since Washimi and Taniuti [1] showed that ion acoustic waves in a weakly nonlinear dispersive plasma could be described by Korteweg-de Vries (KdV) equation. Since then plasma physics community has been actively involved in nonlinear phenomena related structures such as solitons, shocks, phase-space holes etc [2] . In a homogeneous plasma, an ion acoustic soliton travels without change in shape, amplitude and speed [2, 3] . But in actual experimental conditions, we encounter inhomogeneities in plasma at the edges or boundaries of the system or in the presence of density gradient. The propagation of ion acoustic KdV solitons in an inhomogeneous plasma was first considered by Nishikawa and Kaw [4] who presented a WKB solution when its spatial width is very small as compared to density gradient scale length. Gell and Gomberoff [5] reconsidered the situation and showed that amplitude, velocity and width of the soliton are proportional to the fractional powers of ion density which was verified experimentally by John and Saxena [6] and modified by Rao and Verma [7] by taking into account ion drift velocity, but allowing terms proportional to the stretched variable ξ in their first order equations. These inconsistencies were later removed by Kuehl and Imen [8] and their results are found to be in good agreement with those of Chang et.al [9] . One of the most important features of ion acoustic soliton is its reflection by plasma inhomogeneity. This phenomenon was first observed experimentally by Dahiya et.al [10] from the sheath around a negatively biased grid, where the density gradient is high. Popa and Oertl found reflection of ion acoustic soliton from a bipolar potential wall structure [11] , Nishida [12] and Imen -Kuehl [13] found from a finite plane boundary, Nagasawa [14] found from a metallic mesh electrode showing nonlinear Snell's law and Yi and Cooney et.al found from a sheath in a negative ion plasma [15, 16] . Kuehl investigated theoretically the reflection of ion acoustic soliton, and showed that a shelf develops behind the soliton and the reflected wave is small compared with both trailing shelf and soliton amplitude decrease due to energy transfer to the shelf [17] [18] [19] . Then after, many authors took the problem of soliton propagation in inhomogeneous plasma in different physical situations like plasma with finite ion temperature [20, 21] , with negative ions [22] [23] [24] [25] , with dust [26] and trapped electrons [27] , in magnetic field [28, 29] , with non isothermal electrons [30] , with ionization [31, 32] , with electron inertia contribution [33] and also in other contexts [16, 34, 35] .
These discussed cases are all (1+1) dimensional, but in practical circumstances the waves observed in laboratory and space are certainly not bounded in one dimension. Nevertheless, the two dimensional propagation of ion acoustic waves in inhomogeneous plasma has received much less attention. Zakharov-Kuznetsov (ZK) equation, which is the more isotropic 2 dimensional generalization of KdV equation, was obtained in modified form in magnetized dusty inhomogeneous plasma with non-extensive electrons [36] , with dust charge fluctuation [37] , with quantum effects [38] , with non thermal ions and dust charge variation [39] and in other situations. But if weak transverse propagation is considered then the possible 2 dimensional generalization of KdV model is Kadomtsev-Petviashvili (KP) equation which was first derived in the context of plasma [40] . Malik et.al derived KP equation in modified form in inhomogeneous plasma with finite temperature drifting ions [41] and solved it for constant density gradient. Later in quantum inhomogeneous plasma a modified KP equation was also obtained [42] and line soliton solutions were presented. Along with reflection and transmission of line solitons in inhomogeneous plasma, its bending in two dimensional plane is also a possible relevant phenomenon which was not explored in literature considered earlier as well as in [43, 44] in two dimensions as far as our knowledge goes.
In this brief communication, we have taken up this problem by considering ion acoustic soliton propagation in unmagnetized, cold plasma with hot isothermal electrons. Using reductive perturbation technique, a modified form of KP equation is obtained for weak transverse propagation and weak and slowly varying inhomogeneous ion number density . Exact solitary wave solutions were presented showing the bending of ion acoustic solitons in two dimensional plane. The soliton is modified in phase which is controlled by a function related to equilibrium ion number density, causing soliton bending in two dimensional plane, whereas the amplitude remains constant. The paper is organized as follows. The derivation of the corresponding evolution equation in 2 dimensional plane for a weak and slowly varying inhomogeneous plasma is given in Sec-II. Sec-III deals with the phase modulated solitary wave solutions showing bending in 2 dimensional plane. Conclusions and remarks are contained in Sec-IV.
II. DERIVATION OF TWO DIMENSIONAL EVOLUTION EQUATION FOR AN ION ACOUSTIC WAVE PROPAGATING IN A WEAK AND SLOWLY VARYING INHOMOGENEOUS PLASMA
We consider a two dimensional, collisionless, unmagnetized, weak and slowly varying spatially inhomogeneous plasma consisting of hot isothermal electrons and cold ions (T i = 0). The plasma is weakly inhomogeneous with a slow variation of the equilibrium ion density along one spatial direction. The ion continuity and momentum equations together with Poisson's equation and the electron Boltzmann distribution can be written in the dimensionless form as
In equation (1), u ≡ (u x , u y ) is the ion fluid velocity normalized by the ion acoustic speed c s = Te mi , n and n e are ion and electron number densities respectively normalized by unperturbed ion number densityñ 0 at an arbitrary reference point in plasma which we chose to be x = 0, φ is the electrostatic potential normalized by ǫ0mi at x = 0, where ǫ 0 is the permettivity of free space. We have assumed that the equilibrium electron and ion number densities are equal at x = 0 (quasi-neutrality) and that the zero reference of the equilibrium potential is at x = 0. In the above equations, the ions are assumed to be cold and on the slow ion time scale, the electrons are assumed to be in local thermodynamic equilibrium. When the electron inertia is neglected, the electrons can be considered to follow a Boltzmann distribution.
Under these assumptions, in the absence of any equilibrium drift, the ion acoustic waves follow the dispersion relation given by
where ω, k, c s are angular frequency, wave vector and ion acoustic speed respectively. In order to study the ion-acoustic wave propagation and its two dimensional evolution as a solitary wave in weak and slowly varying inhomogeneous plasma, we consider the following appropriate stretched co-ordinates
where M is a constant which is the phase velocity of the wave normalized by the ion acoustic speed and ǫ is a small expansion parameter. Generally, phase velocity is taken to be a function of x in the literatures of inhomogeneous plasma, but here we have taken M to be a constant which is similar as the scaling used by Gell in [5] . This assumption will be shown to be consistent with the calculations for the chosen unperturbed ion number density profile. Chang et.al, in their experimental studies of propagation of ion acoustic solitons in an inhomogeneous plasma [9] , created a definite ion number density profile as shown in FIG.1, in a large multi dipole plasma device. To create local inhomogeneity in a previously homogeneous quiscent plasma, a perturbing object was inserted far from the excitation region. The left portion of FIG.1 , where the density variation is slow was shown to be the host environment for studying soliton characteristics. It was also reported that the experiment had a pronounced two dimensional character.
FIG. 1:
Measured ion number density profile in the target chamber for the experiment done by Chang et.al [9] . Continuous line denotes the profile if the perturbing structure is absent and the broken line denotes if it is present at the right edge. Reproduced with permission from Phys. Fluids 29,294(1986) .Copyright 1986 American Physical Society.
We have followed the experimental results of Chang et.al and numerical solutions obtained by Kuehl [8] , [13] in the context of the propagation of ion acoustic wave in inhomogeneous plasma. The ion density plot, which was reported in their paper is reproduced here as FIG.1.
It is evident from the figure that, before introduction of the perturbing structure the density was homogeneous (continuous curve) and the presence of the structure caused a density inhomogeneity as shown by the broken curve. This plot is consistent with the numerical solutions of the equilibrium density shown in [8] and [13] .
Following the above stated environment for soliton propagation, we have taken the unperturbed ion number density profile to be of the formñ 0 (η) = 1 + δf 0 (η), where δ is a small parameter, having the same features of the left portion of FIG.1 . The inhomogeneity is weak as well as slowly varying along η as shown in FIG.1 , so that the plasma is nearly homogeneous. Our entire work is based on this region of weak and slowly varying inhomogeneity, showing more finer effects on the propagation of soliton. Experimental methods of producing such density gradients have been discussed in earlier works [6, 10] .
From the steady state condition of ion continuity equation we get
whereũ 0 is the equilibrium ion velocity. Hence after integrationũ 0 can be determined as
where c 1 is an integration constant and higher order terms are neglected due to smallness. Now from the steady state condition of the x component of momentum equation we get
whereφ 0 is the equilibrium potential. After integrationφ 0 can be determined as
where C 2 is another integration constant. Choosing C 2 = c 2 1 , we get
where also higher order terms are neglected due to smallness. Choosing this, we can also see that the steady state condition of Poisson's equation is also satisfied for these functions ofφ 0 ,ñ 0 if the higher order terms are neglected due to smallness. These equilibrium quantities are obtained self consistently from the fluid equations (1). To create equilibrium in a real experimental situation, external electric fields are imposed by using appropriate biasing arrangements inside the plasma. Details of the setup are found in [6, 10] . This also gives rise to steady drift that is space dependent in presence of density gradients.
The equilibrium electron number density is also inhomogeneous. The inhomogeneity of the equilibrium electron density can be expressed clearly from equation (1), from where we get
hence it is also inhomogeneous. A reductive perturbation method is carried out with ǫ as the expansion parameter to obtain the two dimensional nonlinear evolution equation with weak transverse propagation. δ is a small parameter which is controlled externally to form the equilibrium density profile. For the sake of this work we take here δ to be ≈ ǫ.
All the variables are expanded as
The set of stretched quantities and the expansion of the physical quantities given by (3)and (10)- (13) are used in the fluid equations (1) and the coefficients of different powers of ǫ are collected and set to zero.
At the lowest order ǫ, we get
At ǫ 3 2 we get,
from where we obtain (M − c 1 )n 1 = u 1 and (M − c 1 )u 1 = φ 1 , where it is assumed that as ξ → ±∞, n 1 , u 1 → 0. Using (14) and (15) and φ 1 = n 1 = u 1 . Because of the presence of drift, the equilibrium dispersion relation in the normalized variable M is given by
. At ǫ 2 ; we obtain,
Finally at ǫ 5 2 order we get
combination of which using (16), we get the final evolution equation
, which is nothing but Kadomtsev-Petviashvili (KP) equation with an extra term appearing due to inhomogeneity . Here we have considered the simplest configuration of unmagnetized plasma with cold ions and isothermal electrons, but the similar equation with different coefficients can be derived for more complexities like ion temperature, presence of magnetic field etc for the chosen equilibrium ion number density profile. Note that, in [41] the modified KP equation was derived, considering the fact that the scale length of the plasma inhomogeneity is much larger than the width of the soliton, and solitary wave solution is given for constant density gradient. Here, the equation (19) is the evolution equation for the nonlinear ion acoustic wave in two dimension where the unperturbed ion number density profile is taken to be slowly varying and weak.
Moving into the new frame
with a(η) = (
. Equation (19) can be transformed to the standard constant coefficient KP equation
where U = n1 3 and τ = T /(2 + 2c 1 ). This is a standard completely integrable KP equation which can be solved exactly giving soliton solutions. But due to the presence of the term a(η) which is related to f 0 (η) via (21) , in the new co-ordinate X, bending of solitons in the two dimensional plane occurs which will be shown in the next section.
III. BENDING OF SOLITONS
One soliton solution of KP equation (22) is similar as that of the soliton solutions of KdV equation [48, 49] with an extra transverse direction given by [46, 47] ,
Expressing the solution in old variables we get,
,where a(η) is given by (21) and k 1 , m 1 are arbitrary constants. Due to the presence of the quantity a(η) , related to the inhomogeneous ion number density , bending of soliton occurs.
Here the plasma is inhomogeneous due to the presence of the function f 0 (η). For different choices of f 0 , the inhomogeneities are different. For the choice of f 0 = 0 the plasma becomes homogeneous which have the usual line solitons which is represented in FIG 2. Thus this trivial choice of f 0 in the equilibrium ion number density profile reproduces homogeneous plasma from the chosen inhomogeneity profile.
For different functional forms of f 0 dependent on the slowly varying co-ordinate η, different types of bending occurs, which are shown in FIG. 3 .
For the sake of this problem, we have chosen δ = ǫ, which is the small perturbation parameter of our calculation. The solitary wave solution is independent of ǫ, which is here taken to be δ. The solution depends on the function a(η) which is related to the function f 0 (η) through equation (21) , causing the soliton to bend in the two dimensional plane. But the amplitude of the solitary wave solution remains constant.
Similarly, the two soliton solution is given by [46, 47] ,
with, following FIG.1 , it has been chosen accordingly. Now it is required to determine how much bending is taking place by varying f 0 i.e, what the condition is for larger bending.
Let us start from the one soliton solution (24) . The amplitude of the 'Sech' function is maximum when its argument goes to zero. For static case (ξ = 0), the locus of the highest amplitude of the solution is of the form
where
. Note that, for homogeneous plasma f 0 is zero making a(η) to be also zero determined from equation (21) . Hence the locus is straight line giving line solitons for homogeneous plasma. Now taking derivative w.r.to η twice in the above equation (26) we get
where s = dλ ∂η is the slope of the locus of the maximum amplitude. We choose k 1 , m 1 such that
We see from the above equation that for higher value of RHS, rate of variation of slope will also be higher. Hence the slope of the maximum amplitude curve will vary large for traversing unit distance in η. Larger rate of variation of slope describes larger bending.
Hence for large bending of solitons to take place, the first derivative of f 0 w.r.to η must also be high. This is incorporated in FIG 3 where 
Static piture of one and two soliton solutions given by (24) and (25) of the two dimensional ion acoustic wave at ξ = 0 for
and for the specified functions of f 0 which is related to unperturbed ion number density. The different functional forms of f 0 causes the phase of the solitary wave to change which causes bending in the two dimensional plane, whereas the amplitude remains constant.
Frycz and Infeld obtained the bending of soliton [45] by studying numerically the nonlinear stability analysis of KP equation. The characteristics of KP equation state that the initial condition must fulfill an infinite set of constraints if the solution is to remain localized. Just adding a perturbation to one soliton solution would violate this constraint. Thus bending is a natural perturbation which is a choice for initial condition of this numerical simulation. But in our work, the bending of solitons were obtained analytically showing dependence on f 0 which is related to inhomogeneous ion number density. We have exactly solved the KP equation (19) obtained for the two dimensional propagation of ion acoustic wave for weak and slowly varying inhomogeneity, related to the arbitrary function f 0 (η). Since we have transformed the evolution equation into a standard constant coefficient KP equation, its each and every solution faces the same phase modification controlled by f 0 , causing the shape of the solution to change in the two dimensional plane. The amplitude of the soliton solutions is found to remain constant. This is in view of the weak and slowly varying inhomogeneous ion number density, so that all variations appear only in the phase of the soliton.
We see that the weak and slowly varying equilibrium potential, which exists in the plasma, is a function of f 0 , varying along the x axis (i.e, η axis). Hence due to this time independent potential an electric field develops which exerts force on the ions, constituting the soliton. But due to the inhomogeneity of the equilibrium potential function, different ions situated at different positions are attracted (or repelled) differently. Again an equilibrium ion drift velocity also exists, which is also directed in the x axis and inhomogeneous. Due to the superposed effects of the inhomogeneous equilibrium and also the time dependent quantities, the ions change their positions. This causes the ion acoustic soliton to bend in the two dimensional plane. Since the potential drop is weak as well as slow, the number of ions forming soliton do not change drastically. Hence the amplitude of the soliton remains constant causing its phase to vary with f 0 (η).
We see that, the one soliton solution of our evolution equation (19) contains the inhomogeneous function a(η) in the phase. We see from the solution that the function reaches its maximum value when the phase factor turns to be zero. Hence as the soliton propagates in the two dimensional plane, η changes causing a(η) to change nonlinearly depending on f 0 (η). Now if we fix the time variable ξ, then the transverse variable λ has to adjust itself in order to make the phase factor of the "Sech" function zero causing soliton bending.
These bending features of the solitons is very relevant and important in the context of inhomogeneous plasmas along with the other features like reflection, transmission etc. But such a feature has not been explored till now. We see in this work that if the equilibrium density variation is slow and weak, which is very close to the homogeneous value then these bending features can be seen. Hence a more accurate experiment could reveal such finer effects.
IV. CONCLUSIVE REMARKS
In this work, we have obtained the bending of ion acoustic solitary wave in the two dimensional plane for the propagation in unmagnetized plasma with cold ions and isothermal electrons with weak and slowly varying density inhomogeneity. We have obtained a modified KP equation with an extra term arising due to inhomogeneous equilibrium ion density . We have exactly solved the KP equation giving a solitary wave solution in which the phase of the soliton gets modified by a function f 0 , which is related to unperturbed ion density, causing soliton bending, where as the amplitude remains constant. The bending features of the solitons is very relevant and important in inhomogeneous plasma along with the other features like reflection, transmission etc. More accurate and precession experiment could reveal such finer and interesting features.
